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Abstract
Boundary flow in the c = 1 2d CFT of a Z2 orbifold of a free
boson on a circle is considered. Adding a bulk marginal operator to
the c = 1 orbifold branch induces a boundary flow. We show that this
flow is consistent for any bulk marginal operator and known initial
given boundary condition. The supersymmetric c = 32 case is also
mentioned.
For the circle branch of the moduli space this has been shown in
arxiv: 0609034v2 [hep-th].
The ground state multiplicity (gb) is calculated and it is shown
that it does indeed decrease.
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1 Introduction
String theory presents us with a multitude of vacua and with no criteria to
choose among them. Maybe one is destined to remain with these vacua. Some
of them, though, contain tachyons and are unstable. The search for possible
stable vacua resulting from the flow induced by closed string tachyons is still
not over [1]. In world sheet language this instability is connected to the RG
flow induced by bulk relevant operators in the internal CFT corresponding to
a given background. In presence of branes there are also boundary operators.
Turning on a boundary relevant operator induces a flow of the boundary
states in the system. Such flows can be controlled and do lead to stable
vacua [2, 3].
In [4] a different kind of flow mechanism was pointed out, one in which
turning on a marginal operator in the bulk theory induces a flow in the
boundary theory from one boundary state to another. This flow is necessary
because for a free boson on a circle, or an orbifold, that has a compactifica-
tion radius that is equal to the self-dual radius or a rational multiple thereof,
the boundary moduli space is much larger than for a compactification radius
that is an irrational multiple of the self-dual radius. Consequently if the initial
state of the system is a boundary state that does not exist for an irrational
compactification radius, any change of the radius would necessarily result in
a flow to an allowed boundary state. For this flow to be consistent with the
boundary moduli space structure, various constraints should be obeyed. In
[4] some of these constraints were indeed tested for that part of the c = 1 of
the bulk moduli space corresponding to compactification circles of different
radii. Orbifolds play an important role in the string landscape. In this paper
those flows induced on the c = 1 orbi-circle branch are thus studied ( [5], [6]
and [7] ).
Several features of this branch which were discussed in [8] are used and the
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induced flows on the boundary are mapped. The detailed way in which consis-
tency is maintained in all possible induced flows on the boundary is studied.
We also check that the ground state multiplicity (gb) indeed decreases along
the flow. [9]
The structure of the paper is as follows: In section 2 we deal with the bosonic
theory and say a few words regarding the N = 1 superconformal case. In sec-
tion 3 we evaluate the ground state multiplicity, and show that it decreases,
as expected.
2 Bosonic theory
In this section the induced flows of the c = 1 case compactified on a circle
shown in [6] is reviewed. The results are extended to the Z2 orbifold both
at, and away from, the multicritical point, which is the point where the
theories of a circle and of an orbifold intersect. This happens when the circle
compactification radius is twice the self dual radius, and the radius of the
orbifold is the self dual radius.
2.1 Review
Consider a CFT with a boundary. The beta-functions for the bulk and bound-
ary coupling constants in a general BCFT have the form of
λ˙k =
(
2− hφk
)
λk + piCijkλiλj +O
(
λ3
)
(2.1)
µ˙k =
(
1− hψk
)
µk +
1
2
Bkiλi +Dijkµiµj +O
(
µλ, µ3, λ2
)
(2.2)
Where φk is the bulk field, hφk is its conformal dimension, λk is its coupling
constant, and ψk, hψk and µk are the corresponding quantities for the bound-
ary. The constants Cijk are related to the OPE of two bulk fields, Dijk to that
of two boundary fields and Bkj to the OPE of a bulk field with a boundary
field. As was pointed out in [4], it follows from second term of (2.2) that in
general even if initially all boundary operators are turned off, i.e. µk = 0
for all k, the boundary beta-function does not vanish if the Bki’s are not all
zero. Hence when a bulk-boundary coupling exists a non-vanishing boundary
coupling constant will appear, even if initially it is zero.
Consider first the case of c = 1 BCFT on a circle at the self dual radius,
rs.d =
1√
2
(we take α′ = 1√
2
). This theory is equivalent to a level 1 SU (2)
WZW theory, (see for example [12]). The moduli space of boundary states
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where the value of the radius of compactification is either that of the self-
dual radius or any rational multiple of it is rather rich, being parameterized
by the three dimensional SU(2) group manifold. In particular it is larger
than that of the more generic case when the compactification radius is an
irrational multiple of the self-dual radius. In the latter case there are only
two possible boundary conditions: Dirichlet or Neumann, each of which being
parameterized by a single circle. This imposes a severe constraint on any flow
induced by changing the radius from a rational multiple of the self-dual radius
to an irrational multiple of it, a situation which occurs with any continuous
flow starting at a rational multiple radius. It was shown in [4] that when
the radius-changing marginal operator, Φcirc = J
3J¯3, is ”turned on” with a
coupling constant λ, general boundary conditions that exist only at the self
dual radius or a rational multiple thereof flow to pure Dirichlet or Neumann
conditions. Those exist at any radius. To show this one needs to consider
the perturbation of the boundary current, Jγ, by the bulk radius changing
operator, Φcirc, for the theory at r = rs.d. As discussed above, the condition
for the stability of the boundary under radius changing is the vanishing of the
bulk-boundary coupling constant, BγΦ, between the radius changing operator
Φcirc(z, z¯) and any marginal boundary operator J
γ(x). To first order this is
given by the 2-point function between these operators as:〈
Jγ (x)
(
J3J¯3
)
(z, z¯)
〉
g
∼ BγΦ|z − z¯|−1|x− z|−2 (2.3)
It is calculated by replacing the boundary condition by a boundary state,
||g〉〉rs.d , labeled by
g =
(
a b
−b∗ a∗
)
∈ SU (2)
with |a|2 + |b|2 = 1 such that(
gJ3mg
−1 + J¯3−m
) ||g〉〉rs.d = 0 (2.4)
where J im are the Laurant modes of the currents of the WZW model. The
detailed calculation appears in [4]. One obtains that BγΦ is proportional to
Tr(tγ[t3, gt3g−1]), ti, i = 1, 2, 3 are defined by ti = 1√
2
σi with σi the stan-
dard Pauli matrices. This means that the Jγ whose flow is induced by Φcirc
corresponds to the Lie algebra element tγ ∼ [t3, gt3g−1]. For this current the
bulk-boundary coupling is proportional to
Tr
([
t3, gt3g−1
]2)
= −8 |a|2 |b|2 (2.5)
So unless b = 0 or a = 0 (which correspond, respectively to pure Dirichlet or
pure Neumann boundary conditions), µ˙γ does not vanish. Taking into account
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the appropriate normalization, the resulting infinitesimal perturbation of the
boundary state (2.4) is
δg ∼ −λtγg = − λ√
2
−a ∣∣ ba∣∣ b ∣∣ab ∣∣
−b∗ ∣∣a
b
∣∣ −a∗ ∣∣ b
a
∣∣
 . (2.6)
Namely, δa = λ√
2
a| b
a
| and δb = − λ√
2
b|a
b
|. So the magnitudes of a and b change
keeping their phases fixed. If the radius is increased (positive λ) then, to first
order, |b| decreases and the state eventually flows to a Dirichlet brane [4],
while if the radius is decreased (negative λ) then, again to first order, |a|
decreases and the flow is towards a Neumann brane.
The case of a radius r = 1
N
rs.d can be thought of as an orbifold of the circle
theory with rs.d by the identification X 7→ X+ 2pirs.dN . In terms of SU(2) vari-
ables the identification is g 7→ ei piN σ3ge−i piN σ3 namely a 7→ a, b 7→ e−i 2piN b. The
generic boundary states are symmetric projections of the boundary states of
the original rs.d circle, namely
||g(a, b)〉〉rs.d/N =
1√
N
N−1∑
m=0
∣∣∣∣∣∣g(a, be 2piimN )〉〉
rs.d
. (2.7)
The response of such a brane to a change of the radius is again encoded in
the bulk-boundary coupling which, like in (2.3), will now be the coefficient
of |z − z¯|−1|x− z|−2 in the 2 point function
1
N
N−1∑
m=0
〈
Jγ(m) (x)
(
J3J¯3
)
(z)
〉
g(m)
(2.8)
where Jγ(m) corresponds to the generator e
ipim
N
σ3tγe−i
pim
N
σ3 and g(m) = e
ipim
N
σ3ge−i
pim
N
σ3 .
According to the discussion following (2.4) the m’th term in the sum is pro-
portional to Tr(ei
pim
N
σ3tγe−i
pim
N
σ3 [t3, g(m)t
3g−1(m)]) which is independent ofm and
equals Tr(tγ[t3, gt3g−1]). We get then the same result for the bulk boundary
coupling as in the case of the self dual circle. Hence we reach the same con-
clusion: under radius changing the brane runs either to a brane at b = 0 or
to one at a = 0.
The brane at a = 0 is a Neumann brane in the circle language. Those
at b = 0, |a| = 1, which is the fixed circle of the orbifold identification,
actually represent a stack of N Dirichlet branes on top of each other, being
the continuous limit of (2.7) where N images coincide on the group manifold.
[10]. Indeed in this case all the vectors in the sum of (2.7) are parallel and
the norm of the boundary state is N rather than 1. This will be useful when
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calculating the ground state multiplicity below. The position of this stack on
the circle is parameterized by the phase of a.
In addition to the generic branes there are additional twisted branes,
located at the fixed circle. These, in the circle language, are ordinary Dirichlet
branes with multiplicity less thanN . They can sit anywhere on the circle since
in the circle language the transformation X 7→ X + 2pirs.d
N
has no fixed point.
Since these are Dirichlet branes that exist for any radius, they are stable
under radius changing.
The case of a circle with a radius r = Mrs.d with M integer can be dis-
cussed with identical terms using T duality. This duality changes the sign
of the right handed momentum, keeping the left handed momentum un-
changed. In terms of SU(2) variables it takes the matrix g to the matrix
g′ = giσ1 so that multiplying g from the right by t3 induces a multiplica-
tion of g′ from the right by −t3. So under T duality a′ = ib∗, b′ = −ia∗.
For r = Mrs.d the dual radius gets multiplied by
1
M
. It is an orbifold of the
T dual theory by X ′ 7→ X ′ + 2pirs.d
M
. In SU(2) language it identifies g′ with
ei
pi
M
σ3g′e−i
pi
M
σ3 which means a′ 7→ a′ and b′ 7→ e−i 2piM b′. In terms of the original
parameters g 7→ ei piM σ3gei piM σ3 namely a 7→ ei 2piM a and b 7→ b. By the same ar-
guments as before generic branes, which are symmetric projections of those
of the self dual circle, will flow under radius changing either towards Dirichlet
branes at b = 0, or towards stacks of M Neumann branes at the fixed circle
a = 0, |b| = 1. The twisted states are individual Neumann branes sitting on
the fixed circle a = 0, |b| = 1 so they are stable under radius changing.
The case of a general rational circle with r = M
N
rs.d is an orbifold of the
self dual circle under both transformations, a shift by 2pirs.d
N
and a dual shift
by 2pirs.d
M
. The same reasoning shows that generic branes flow under radius
changing either to a stack of N Dirichlet branes or to a stack of M Neumann
branes. The two transformations have no common fixed point. The twisted
branes are either ordinary dirichlet branes or ordinary Neumann branes which
exist for every radius.
2.2 The Z2 orbifold
Consider first the Z2 orbifold at the self dual radius. The orbifolding operation
identifies fields on opposing points of the circle: X (z, z¯) 7→ −X (z, z¯). Before
considering the large moduli-space at the self-dual orbifold, recall first the
branes available at any radius [8]. These are orbifold-invariant combination
of the pure Dirichlet and pure Neumann states of the circle. For Dirichlet
these would be
||D; θ〉〉orb =
1√
2
(||D; θ〉〉circ + ||D;−θ〉〉circ) (2.9)
5
At the two fixed point of the orbifold (θ0 = 0, pi) there is, in addition to these,
a twisted sector:
||D; θ0〉〉tw = e
∑∞
r=1/2
1
r
b−r b¯−rαθ0 |0〉 (2.10)
where the b’s are the boson creation operators and αθ0 creates a boson in
the ground state at the indicated angle, θ0, as in [11]. The origin of the
states in the twisted sector is that, the antiperiodic boundary conditions ,
X (σ + β) ∼ −X (σ) (β being the period) for a closed string are allowed by
the orbifold identification. The corresponding construction for the case of
Neumann boundary condition gives
||N ; θ0〉〉tw =
1√
2
e
∑∞
r=1/2
1
r
b−r b¯−r
[
α0 + ei
√
2θ0α
pi√
2
]
|0〉 (2.11)
with θ0 = 0,
pi√
2
.
At the self dual radius, there are boundary states labeled by any ele-
ments of SU (2). In those terms the orbifold identification X 7→ −X becomes
g 7→ σ1gσ1. In our parametrization it is the identification (a, b) 7→ (a∗,−b∗).
A generic brane of the orbifold is a symmetric projection: ||g(a, b)〉〉orb =
1√
2
(||g(a, b)〉〉circ + ||g(a∗,−b∗)〉〉circ) The response of this brane to radius
change depends again on the bulk-boundary coupling between the bulk ra-
dius changing operator λΦ(z, z¯) = λJ3J¯3 and any boundary operator Jγ
which generates infinitesimal change in the boundary conditions. Note that
Φ is invariant under the orbifold identification. Analogously to (2.3) this
bulk-boundary coupling is determined by the correlator
1
2
(〈
Jγ (x)
(
J3J¯3
)
(z)
〉
g
+
〈
J ′γ (x)
(
J3J¯3
)
(z)
〉
g′
)
(2.12)
where J ′γ corresponds to the generator t′γ = σ1tγσ1 and g′ = σ1gσ1 . As in the
discussion following (2.4) the contribution of the first term is proportional
to Tr(tγ[t3, gt3g−1]). The contribution of the second term is proportional
to Tr(t′γ[t3, g′t3g′−1]) = Tr(σ1tγσ1[t3, σ1gσ1t3σ1g−1σ1) Using the fact that
σ1t3σ1 = −t3 and the properties of Tr we find that the two terms are identical.
The bulk boundary coupling is proportional to Tr(tγ[t3, gt3g−1]) as in the case
of the circle and the brane flows either to the Dirichlet condition at b = 0 or
to the Neumann condition at a = 0.
At the fixed point set of the orbifold identification, a real and b imaginary,
which is a circle parameterized as a+ b = eiψ, the above brane actually rep-
resents two images which can move away from the fixed set [8]. In addition
there are twisted branes confined to the fixed set. For a general radius the
twisted branes are confined to the two fixed points on the circle. The contin-
uum of twisted branes for any a + b = eiψ exists only for special radii. The
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above analysis shows that turning on the radius changing operator λJ3J¯3
they either flow to b = 0, a = ±1 which are the two Dirichlet twisted states
(2.10) or to a = 0, b = ±1 which are the two Neumann twisted branes (2.11).
A Z2 orbifold of radius r = MN rs.d can be considered as a (non-abelian)
orbifold of the self dual circle, equivalent to k = 1 SU(2) WZW model, by
the group generated by g 7→ ei piN σ3ge−i piN σ3 , g 7→ ei piM σ3gei piM σ3 and g 7→ σ1gσ1.
Generic boundary states are symmetric combinations of all images of the
brane ||g〉〉 under this group. For various surfaces of subgroups there are also
twisted branes. Since the radius changing operator J3J¯3 is invariant under
the full identification group, this operator will again induce on this brane the
same flow as that of the case of the orbifold with self dual radius. This means
that the branes which are untwisted under the Z2 operations will either flow
to Dirichlet branes with b = 0 that are combinations of a Dirichlet brane at
a and at a∗, or to Neumann branes at a = 0 that are combinations of branes
sitting at b and −b∗. The branes that are twisted under the Z2 action will
flow under radius changing to either twisted Dirichlet branes with b = 0 and
a = ±1 or to twisted Neumann branes with a = 0 and b = ±i.
For the circle theory at the self dual radius, which is a k = 1 SU(2) WZW
model (see for example [12]), there is apparently a continuum of marginal
bulk operators: every combination of J1J¯1, J2J¯2 and J3J¯3. However each
such combination is equivalent under the SU(2) × SU(2) symmetry of the
model to the operator J3J¯3. Turning on any such marginal combination is
therefore equivalent to changing the radius by the operator J3J¯3. The cir-
cle theory with a generic rational radius r = M
N
rs.d is, as discussed in the
previous section, an orbifold of the self dual circle theory by the identifi-
cations g 7→ ei piN σ3ge−i piN σ3 , g 7→ ei piM σ3gei piM σ3 . This identification breaks the
SU(2) × SU(2) symmetry down to U(1) × U(1). The only marginal bulk
operator consistent with this identification is the operator J3J¯3 which is in-
deed the radius changing operator. An exception is the case N = 2,M = 1
(or its T-Dual M = 2, N = 1) for which the orbifold identification becomes
g 7→ σ3gσ3. Here on top of the radius changing operator J3J¯3, the orbifold
identification is also consistent with any combination of J1J¯1 and J2J¯2. Each
such a combination is equivalent to J1J¯1 under the U(1) subgroup of SU(2)
which survives the breaking of SU(2) by the orbifold identification. However,
since the full SU(2) is broken, the marginal operator J1J¯1 is not equivalent
to the radius changing operator J3J¯3. So for a circle theory with r = 1
2
rs.d
(or r = 2rs.d) there are two inequivalent marginal bulk operators, the ra-
dius changing operator J3J¯3 and another operator J1J¯1. The moduli space
opened by turning on this second operator is equivalent to the moduli space
of the Z2 orbifold. This can be seen by mapping the original matrix variable
7
gcirc to gorb = hgcirch
−1 with h = 1√
2
(σ3 + σ1). This conjugation rotates σ3
into σ1. In terms of the variable gorb the orbifold identification of the circle
becomes g 7→ σ1gσ1 which is the identification of the Z2 orbifold and the
operator J1J¯1 becomes the radius changing operator J3J¯3 for the orbifold
(see figure 1).
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Figure 1: Moduli space of c = 1 CFT’s
The groups are the boundary-state moduli spaces at the respective radii.
r1 and r2 are generic radii which are irrational multiples of rs.d
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The point r = rs.d/2 of the circle moduli (which is equivalent to the point
r = rs.d of the orbifold moduli) is therefore the intersection of two different
one dimensional moduli. We have seen that a generic boundary state at this
point is flowing either to Dirichlet brane (b = 0, |a| = 1) or to a Neumann
brane (a = 0, |b| = 1) when J3J¯3 is turned on. Conjugating with the matrix
h we find that turning on the other operator, J1J¯1 , a generic brane will
flow either into (a = a∗, b = −b∗) or into (b = b∗, a = −a∗). The boundary
states that are stable under both moves are the eight states corresponding
to (b = 0, a = ±1), (b = 0, a = ±i), (a = 0, b = ±1), (a = 0, b = ±i).
Let us add a few words about the N = 1 case. As described in [8] the moduli
space contains the following lines::
• The circle line.
• The orbifold line with the orbifolding operation applying to both the
bosonic and fermionic coordinates.
• The super-affine line, which is derived from the circle by orbifolding
a circle of radius r with Sδ = (−1)Fse2piip·δ, where Fs is the fermionic
number, p = (pL, pR) and δ =
1
2
(r,−r).
• The super-orbifold which is derived by orbifolding the super-affine line.
• The orbifold-prime, derived by orbifolding the orbifold with (−1)Fs .
It is shown in [13] that the super-affine theory is equivalent to a k = 1,
SO(3) WZW model. It is further shown in [8] that one can go back to a
circle of radius r by acting with Sδ on a super-affine theory of radius 2r.
This, as noted in [13] is equivalent to identifying a boundary state labeled by
g ∈ SO(3) with σ3gσ3. As a consequence it behaves exactly like the bosonic
orbifold, and therefore the same analysis holds for the circle, as well as for the
orbifold lines. Since the superorbifold line is derived from the superaffine line
by the orbifolding operation identifying g with σ1gσ1, then by the argument
made above, it has a moduli space identical to that of the supercircle. The
consequence is that in all of the above cases, a general boundary state would
flow when the radius is changed to a Dirichlet or a Neumann state, just as in
the bosonic case. The remaining case, that of the orbifold-prime, as stated in
[8], carries no extra SU(2) structure. Therefore, there is no induced boundary
flow.
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3 Boundary-entropy analysis
Another consistency requirement on the result is that the boundary entropy,
s, which is related to the ground state multiplicity, gb, by s = ln(gb), decreases
along all flows. In this section we show that the ground state multiplicity,
gb, of a general brane at a rational radius, R1 =
M
N
Rs.d indeed decreases
when the radius is changed. This generalizes the work done in [2] from pure
Dirichlet or Neumann boundary conditions to general boundary conditions
labeled by elements of SU(2).
Recall [2], that the ground state multiplicity of a single Dirichlet brane on
a circle of radius R is gb =
1√
2R
while that of a Neumann brane is gb =
√
R.
As shown in the previous section, a general brane in a theory compactified
on a radius R1 =
M
N
Rs.d is a result of orbifolding by the group ZM ×ZN that
acts on the target-space boundary conditions. Referring to the label
g =
(
a b
−b∗ a∗
)
of the boundary state, the left factor of the product acts on a by multiplica-
tion by anM ’th root of unity, while the right factor acts on b by multiplication
by an N ’th root of unity, as in (2.7) and the following discussion. The brane
is, therefore, a sum:
||g (a, b)〉〉 = 1√
MN
∑
m′,n′
∣∣∣∣∣∣g (ae 2piMm′ , be 2piN n′)〉〉 (3.1)
Where the sum over m′ is from 0 to M − 1, and sum over n′ is from 0 to
N − 1.
As observed in [4], when the radius of the target space is increased a general
brane flows to a Dirichlet brane i.e.(
a 0
0 a∗
)
. Similarly, when the radius is decreased the brane flows to the Neumann
brane corresponding to the matrix(
0 b
−b∗ 0
)
.
The flow of such a brane when the radius increases takes b to be 0. At this
fixed point the terms in the sum (3.1) become independent of n′. As a result,
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the sum over n′ in (3.1) demonstrates that one gets a stack of N Dirichlet
branes.
If we decrease the radius, the flow on (3.1) takes a to be 0. At this fixed
point there is no m′ dependence in the terms of the sum 3.1, summing over
it demonstrates that one gets a stack of M Neumann branes.
We show now how gb changes when the radius is changed. First consider
the case of increasing the radius from R1 =
M
N
Rs.d to some R2 > R1. As men-
tioned above a general brane flows to a stack of M Dirichlet branes. Initially,
at R1, the generic brane is described by eq. (3.1). Since the parameters a and
b are moduli , gb should not depend on them [10]. In particular the ground
state multiplicity for general (a, b) should equal to its value for ,say, b = 0.
There eq. (3.1) describes a stack of M Dirichlet branes, whose multiplicity is
then gb =
M√
2R1
=
√
MN
21/4
. The same value is obtained at the point a = 0, where
(3.1) describes a stack of N Neumann branes whose ground state multiplicity
is gb = N
√
R1 =
√
MN
21/4
. This is then the initial gb. The final fixed point of
the flow resulting from increasing the radius is a stack of M Dirichlet branes
on a circle of radius R2 > R1. The corresponding ground state multiplicity
is gb =
M√
2R2
< M√
2R1
. So gb indeed decreases as required.
Decreasing the radius from R1 to R2 < R1, we have seen that the fixed point
of the corresponding flow is a stack of N Neumann branes on the circle of
radius R2. The final ground state multiplicity is now gb = N
√
R2 < N
√
R1,
so the ground state multiplicity decreases again.
4 Conclusions
We have generalized the result that under a change of the radius general
boundary states flow either to Dirichlet or Neumann (depending on whether
the radius is increased or decreased), to the orbifold branch of the c = 1
theory. We showed that this result holds away from criticality. It is also noted
that the N = 1, cˆ = 1 case is not very different. As a further confirmation,
the final ground state multiplicity of the flow was compared to the initial one
and shown to decrease as the radius of compactification is changed.
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